ON A CLASS OF NONFLEXIBLE ALGEBRAS()

BY
FRANK KOSIER

1. Introduction. An algebra 4 over a field F of characteristic not two will
belong to the class U if
I. The elements of 4 satisfy a nontrivial identity of the form

a1(zx)y + az(zy)x + asy(zx) + awx(zy) + as(x2)y + as(yz)x
+ ary(xz) + asx(yz) = 0

for fixed a;EF.

I1. Thereisan algebra B over F such that B satisfies (1), B has an identity
element, and B is nonflexible; that is, there are elements x and y in B such
that x(yx) = (xy)x. ‘

These conditions are similar to those used by Albert to define almost left
alternative algebras [5]. Albert’s paper led to the study of algebras of (y, 8)
type by Kleinfeld and Kokoris [9; 11; 12]. Kokoris has shown that any simple
finite dimensional algebra of characteristic prime to 30 of (v, 8) type is either
alternative or has an identity element which is an absolutely primitive idem-
potent(%). Our alteration of Albert’s conditions yields a new class of simple
power-associative algebras. We note that property II seems more natural in
light of Oehmke’s results [13] and the remark that most of the well-known
nonassociative algebras (Jordan, noncommutative Jordan, Lie, alternative,
associative) satisfy the flexible identity x(yx) = (xy)x.

In §2 it is shown that if F is algebraically closed then any algebra 4 over
F belonging to ¥ is quasi-equivalent in F to an algebra A(u) where A ()
satisfies one of the following identities:

(i) (xy)z—x(yz) = (zy)x —2(yx),

(ii) x(xy)+(yx)x=2(xy)x,

(iii) x(xy)+ (yx)x = (xy)x+x(yx),

(iv) x(yz+2y)+(yz+2y)x = (xy+yx)z+2(xy +yx).

The remainder of the paper is devoted to the study of algebras which
satisfy some one of these four identities. We find that any power-associative
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ring A which satisfies (i) has an idempotent decomposition as A =41+ 410
+ Ao+ Ao where the 4;; are defined just as in the associative case. Using this
decomposition, we prove in §3 that any simple power-associative ring of char-
acteristic not two which satisfies (i) and has an idempotent e such that 43
+An7#0is an associative ring. Examples of simple power-associative algebras
satisfying (i) which are not flexible are constructed.

In §4 we are able to use Oehmke’s methods [13] to prove that any semi-
simple strictly power-associative algebra 4 over a field F of characteristic
prime to 6 which satisfies (ii) has an identity and is the direct sum of simple
algebras. The main result on algebras satisfying (ii) is that any simple strictly
power-associative algebra of characteristic prime to 6 of degree > 2 is flexible
so that the results of [13] yield the result that 4 is one of the following:

(a) a commutative Jordan algebra;

(b) a quasi-associative algebra;

(c) an algebra of degree 1 or 2.

Finally, examples of simple power-associative nonflexible algebras which
satisfy either (iii) or (iv) are constructed.

As a matter of terminology, by an algebra we shall always mean a finite
dimensional vector space on which there is a multiplication defined which
satisfies both distributive laws. The radical of a power-associative ring is the
maximal nil ideal and any ring with zero radical is said to be semi-simple. If
4 is any power-associative ring of characteristic not two in which the equa-
tion 2x =a has a solution for all a€ 4, then 4 has an attached ring 4 *? which
is the same additive group as 4 but the multiplication x 0 y of 4™ is defined
by 2x o y=xy+yx. Then 4 has a decomposition with respect to an idem-
potent e as

A = Ae(2) + Ae(l) + Ae(0) where x € Ae()) if and only if 2e0x = Aw,
A=0,1,2[3].
2. The Class %. By Property II there is an algebra B in % with elements

x and y such that xys£yx. Then, by a series of substitutions of the elements
1, x, ¥ in (1), we find the following relations:

aitoartastatastastart+az=0,
ot atastas=wta+as+ar=0,
ajt et as+ ag= oy + a5+ ar+ as = 0,
aytart o+ a5 =as+ as+ ar+ a3 = 0.
Combining these we have as = as, a7 = a1, a5 = — (a1 + o + a3), and
as= —(aa+ae+au).
For an arbitrary ring A we define R, to be the mapping a—ax and R, is

called a right multiplication of A. Similarly L, is defined as the mapping
a—xa and is called a left multiplication of 4.
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Now using these relations and rewriting (1) in terms of right and left
multiplications, we obtain
al(RzRy + LzLy) + az(Rng + LuLz) + aleLv + aARyLz
— (a1 + as + o) LR, — (a1 + a2 + as) L,R, = 0.
If we interchange x and z in (1), we find
al(LzRy + RzLy) + a2(Lzy + Ryz) + aaLzLy + a4Rzu
- (011 + as + Ou)RzRy — (1 + a2 + aa)va = 0.

2

3)
Finally, setting y=x in (2) yields

(4 (a1 + a)(R: + Ls — 2L,R.) + (@ + @) (ReL; — L.R,) = 0.

Suppose a;+a; =0, Then from (4) we must have (a3+as)(R,L.—L.R,)
=0, but property II implies there is an x©B such that R,L,—L.R.70, so
that a;+a4=0. Suppose also that oy =ay=0. Substitution of these values in
(3) along with the condition that not all the «; are zero yields

(®) Ry — R.Ry = — (Lys — L.L,).

Suppose 4 and B are algebras over a field F such that 4 and B are iso-
morphic as vector spaces. We may then consider 4 and B as the same vector
space and we shall say that 4 is quasi-equivalent in F to B=A(u) if there is
a pEF, p##1/2, such that the product x oy in B is given in terms of the
product xy of 4 by x o y=uxy+(1—p)yx [3]. The multiplications R/ and
L] of A(u) are given in terms of the multiplications R, and L, of 4 by R/
=I~‘Rz+(1 _M)Lz and L] = (1 —#)Rz'l‘ﬂLz-

In the remainder of this section we suppose 4 to belong to the class % and
F to be an algebraically closed field.

LemMA 2.1. Suppose an+a.=0 and ar#= t+as. Then A is quasi-equivalent in
F to an algebra A(u) satisfying identity (5).

Proof. If a;=0 the result is immediate. If a;0 and 8= —az/a15 + 1,
then (3) can be written as
(6) Ly — L.Ry — R.L, + Rys = B(Raoy — RuRy — L:L, + Ly).

We note that Ry, —R/ R/ —LJ L] +Lj,=0 in A(u) is equivalent to p?R,,
+u(1 —p)Ley +p(1 —p)Ryz +(1 —p)*Lys — @R + (1 — p) L) (wRy +(1 —p) Ly)
— (1 = wR: +pLl) (1 —wRy +pLy) +p(1 — w)Ryz + p2Lys + (1 — p)*Ray
+u(1 —p)L,y=0 in A. Simplifying we have

(2u* — 24 + 1)(Rey — ReRy — LiLy + Ly2)

0 = — 2u(1 = W)L = LiL, = R, + Rya).
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Now consider the equation in u, 2u?—2u+1=—2u(1—pu)B or 2(1—R)u?
—2(1—B)u+1=0. Since B7%1 and F is algebraically closed, there is a u in
F satisfying this equation. Suppose u=1/2. Then the above equation be-
comes 1—3—2(1—B)+2=0. Hence, 8= —1 contrary to assumption. Then
substitution of this value of u in (7) yields (6) and the proof is complete.

Let ay=—a3 and au+a:=0. Then (6) becomes L,,—L,R,—R,L,+Ry.
=R,;,—R.R,—L,L,+L,; or

(8) L:y—yz — Rey—yz = L:Ry — R:Ry — L:L, + R.L,.
If ci=as and a1 +a3,=0, we see that (6) becomes

Rzu+yz + Lzy+yz = (Rz + Lz) (Ru + Lﬂ)
(by symmetry) = (R, + L,)(R. + L.).

This is exactly the condition that 4 be associative-admissible.

€

LEMMA 2.2, If on+02 70, then A is quasi-equivalent in F to an algebra A (u)
satisfying either

(10) Ri+ L. = 2L.R, or
(11) R.+ Li = L.R, + R.L,.
Proof. Since ai+a;#0, we may write (4) in the form
(12) Ri+ L. — 2L.R, = B(L.R, — R,L,) where §= ot o
a; + as

Then as before, (R{)?+ (LJ)? — 2LJ/R] =0 in A(u) is equivalent to
R+ (1 —p)L2)* + (uL: +(1 — W R:)* = 2L+ (1 —p)Ro) R+ (1 —p)L.)
= (4p?—4p+1)(R3+L3—-2L.R,) — (4u*—6p+2)(R.L.— L.R.) =0 in A. Now
examine the equation (4u?—4u+1)8=—(4u2—6u+2) or 2u—1)((2+28)u
—(248)) =0. This has a solution u71/2 provided 87 — 1. Thus the theorem
is valid except possibly when 8= —1. But then (12) becomes R:+L2=L.R,
+R.L..

Linearization of (10) gives us
(13) R.R, + R,R. + L.L,+ L,L, = 2L.R, + 2L,R,

which is equivalent to (10) since the characteristic of F is not two. Similarly
(11) is equivalent to

(14)  R.Ry+ RyR, + L;L, + L,L; = R.L, + RyL. + L.R, + L,R,

provided the characteristic of F is not two. We note that setting y=x in
(8) yields (11). Combining these remarks with Lemmas 2.1 and 2.2 we state

THEOREM 2.1. Let A belong to the class U and suppose also that F is alge-
braically closed. Then A is quasi-equivalent in F to an algebra A (u) where A (u)
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salisfies one of the identities (5), (9), (10), (11); each of which is a particular
determination of (1).

3. The identity R,,— R,R,= —(L,.— L,L,). In the following we shall be
concerned with a ring 4 of characteristic not two such that 4 satisfies identity
(5). Set (x, ¥, 2)=(xy)z—x(y2). (x, ¥, 2) is called an associator. Then (5),
when applied to an element z of 4, becomes in terms of associators

(15) (%, 9, 2) = (3, 3, %).

We now write the linearization of xx?=x%x [3] in terms of associators as
(16) (x,3,2) + (,2,9) + (O, %,2) + (5,3, %) + (3,%,9) + (3,9, %) = 0.
Using (15) in (16) we obtain

V) (x, 9,2+ (93 2)+ (3, % 9 = 0.

THEOREM 3.1. If A is a ring of characteristic zero satisfying (15) and
xx?=x2x, then A is power-associative.

Proof. By [1, Lemma 4], we need only show that x%x?=x3x for all xE 4.
Set y=x and z=x?%in (15) and (17). Then (x, x, x?) = (x2, x, x) and (x, x, x?)
+(x, 22, x) +(x, x, x?) =0. Thus 2x%?=x% +xx® and 2x%x —2xx3=0, so that
x%?=x3% =xx® and the result follows.

The following example shows that xx?=x2x is actually necessary to guar-
antee power-associativity. Let A be the algebra with a basis of the three ele-
ments e, %, and v over a field F of characteristic zero where multiplication is
defined by uv=e, eu=u, ve=v, e2=e, and all other products zero. Then A4
satisfies (5), but we observe that (u+v)%(u+v) =2 and (u+v)(u+v)2=v.

We now write the flexible identity x(yx) = (xy)x in its linearized form as

(18) %(y2) + 2(y2) = (¥y)z + (29)=.

The flexible identity and (18) are equivalent provided A has characteristic
different from 2.

We note that (15) along with (18) implies associativity while (15) and
(17) together yield 2(x, x, y) =2(y, %, x) = — (x, ¥, x). Hence, for rings of char-
acteristic not two satisfying (15) and xx?=x2x, the notions of being associa-
tive, flexible, right alternative, and left alternative are equivalent.

Hereafter, whenever we refer to a substitution or a permutation of certain
elements in an identity given in terms of the right and left multiplications of
the elements x, y, xy, and yx, we shall consider these multiplications as
acting on the element z. Also, we shall often make use of these identities with-
out writing them in terms of right and left multiplications.

A ring A is said to be Jordan-admissible if the attached ring A™ is a
Jordan ring. A ring A is called Lie-admissible if the ring 4, where 4 is
the same additive group as 4 but 4 ) has the multiplication [x, y]=xy—yx,
is a Lie ring.
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THEOREM 3.2. A is both Jordan-admissible and Lie-admissible.

Proof. Permuting x, ¥, 2 in (5) we obtain

(19) Ry — RyRe — LyL.+ Ly = 0
and
(20) R.L, — R,L, — L,R, + L.R, = 0.

Subtracting (5) from (19) and then adding (20) to the resulting right hand
member we have Luy_y:—Rayyo=(Ry—Ly)(R:—L,) —(R,—L.)(R,—L,), so
that 4 is Lie-admissible [3].

Now set y=x2in (5). Then

(21) Ra@zs) + Lzzys = ReRes + LoL..
and y = 22 in (19) yields

(22) Reone + Le@s) = RezRa + LioL..
We also set y=x2 in (20) to obtain

(23) R.L.: — Ra;L. — L..R.+ L.R,. = 0.

Subtracting (22) from (21) and then adding (23) we obtain
(R: + L;)(Rezs + Lis) — (Rez+ Lo)(Ro+ L) = 0

and the theorem is proved [3].

In the remainder of this section we suppose that 4 is a power-associative
ring.

LeMMA 3.1. If e is any idempotent of A, then (e, e, x) =(x, e, €) = (e, x, €) =0
for all xE A,

Proof. If we set A =4,(2)+A4,(1)+4.(0), we then see that it is sufficient
to prove the proposition for x&€A4,(1).(®) Thus, we suppose in the following
that x&4,(1). Substitution of y=z=e in (15) yields

(24) ex + xe = e(ex) + (xe)e,
and since x =ex+xe =e(ex) + (xe)e+e(xe) + (ex)e we have
(25) (ex)e + e(xe) = 0.

Set ex =x;+x14x0 and xe= —x,+x{ —x, where x;€ 4,(5). Then by substitu-
tion in

(26) ex = e(ex + xe) = e(ex) + e(xe) = e(ex) — (ex)e

we find xi1e = — (x2+x0)/2, so that ex;= (x3+x0) /2 +x1. But then x;=ex;+xe

(%) This decomposition of power-associative rings is basic to our development so that we
refer the reader to [2, Chapter I, Theorem 3].
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=e¢(ex1) + (x1€)e =%/2+ex1—x3/2 =ex1. Hence, ex1=x; and xe=x0=0, so that
by consideration of (24), (25), and (26), we have e(ex)—ex=xe— (xe)e
=¢(xe) — (ex)e=0 and the result follows.

THEOREM 3.3. If e is any idempotent of A, then every x& A may be written
uniquely as x=xu+x0+xon+x00 where x;EA;= {a: ea=1a; ae =ja}, t,
=0, 1.

Proof. The theorem follows immediately from Lemma 3.1 just as in the
associative case.

Let x and yE Ay Then from (15) e(xy) +(yx)e=(ex)y+y(xe) =xy+yx.
If xy=an+a10+an+ae, then yx=by—a10—an—ag so that a;p—an=0, and
hence, a10=an=0. Therefore A3, CAn+A4. If x, yE A, then e(xy)+(yx)e
= (ex)y+y(xe) =0, and, as above, we find A% CAnu+4op. If xEAn, yE Ay,
then xy+yx= (xe)y+y(ex) =x(ey) +(ve)x=xy. Thus yx=0. But then e(xy)
+(yx)e=(ex)y+y(xe) or e(xy)=xy and e(yx)+(xy)e=(ey)x+x(ye) =0, so
that (xy)e=0. Hence Aud10CA41 and A1041=0. Replacing yE40 by
yEAn, we find that Andn=0 and 4nduCAn. Then replacing x€EA4u by
xEAoo, we have A00A10=A01Aoo=-'0, AlvoogAlo, and Aovong o1 Suppose
x, yEAw. Then yx=(xe)y+y(ex)=x(ey)+(ve)x=xy and e(xy)+(yx)e
= (ex)y+y(xe) =xy. Hence e(xy)+(xy)e=xy, so that xyEA;+A4n But
2xy=xy+yxEAn+A¢. Thus xy=yx=0. Likewise 43, =0. Now suppose
xEAn, yEAn. Then e(xy)+(yx)e=(ex)y+y(xe)=xy and e(yx)+(xy)e
=(ey)x+x(ye) =xy. If we set xy=an+aw+an+aw and yx=bu—aw—an
-+boo and substitute in the above equations, we find au+a10+bu—an=aun
+a+antan=bn—aw+en—an. Hence bu=an=ae=0a10=0 so that xy
=ay and yx=by. Combining these results we state

THEOREM 3.4. Suppose e is any idempotent of the ring A and A=An-+A
+ Ao+ Ao wherethe A;;are defined asin Theorem 3.3. If 1 and j are distinct and
i, 7, k, m=0, 1, then Af,QA,-;+A,-,-, AriAin=0, and if either k=j, or j#m
then also Ak,’A,'mgAkm.

COROLLARY 3.1, L=A10A01+A10+A01+A01A10 is an ideal Of A.

Proof. By the preceding theorem it is sufficient to show that 4,;(4;4;:)
4+ (4:jA;)AuCL for i#j. But if xEAy;, yEA44j, 2EA4;;, then x(yz) = (xy)z
+z(yx) - (zy)x = (xy)z Then x(yz) €4 ",'A ,~.~§L. Likewise (A. .‘jAj,‘)A wSL.

COROLLARY 3.2. Let A be simple and e an idempotent of A. Then either
Ap+An=00r Au=A41040n and Ap=And.

Proof. The result is immediate from Corollary 3.1.
We now state the main result of this section.

THEOREM 3.5. If A is a simple power-associative ring of characteristic not
two possessing an idempotent e such that A+ An#=0 and satisfying identity
(21), then A 1is associative.
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Proof. Let xEA4;;, yEA,,, 3EAmr. Then x(y2) =0 unless s=m and j=r.
Similarly (xy)z=0 unless s=m and j=r. Hence, it is sufficient to consider
products of the form x(yz) where xEA4,;, yEAj,, and 2E A4 .

Case 1. Suppose i=j=s=m. We may represent x as Xx= 9 _XxXa; Where
i%n since we may use Corollary 3.2. Then, by repeated applications of
identity (15) and Theorem 3.4 we find

(#9)z = 2 (@na) )z = 2, @in(#ai))z = 2 Tin((%ni3)2)
= ng,,(x,..o(yz)) = Z (%in2ns) (y2) = 2(y3).

Case 2. Let t=j. Then x(y2) = (xy)z+2(yx) —(zy)x and the product is
associative unless i=m=s since otherwise the last two terms of the right
hand member are zero. But, if i=m=s, Case 1 applies so that the result
holds in this instance.

Case 3. Suppose j=s. Proceed as in Case 2.

Case 4. Suppose s=m. Proceed as in Case 2.

Thus we have reduced the proof to the case where x, 2E4,;, yE4;;, with
17j. Substitution of x, y, and 2z in (16) along with Theorem 3.4 yields

(27 x(y2) + 3(yx) = (xy)z + (2y)x

which with (15) implies x(y2) = (xy)z and the proof is complete.

REMARK. If 4 is a semi-simple strictly power-associative algebra of char-
acteristic not two satisfying (15) and e is a principal idempotent of A4, then
Ap+An=0.

Proof. We observe that e is also a principal idempotent of 4+ and 4,(1)
=Aw+An Hence Ayo+An+A4oCradical of A [10, Theorem 5]. Then
we claim that the ideal L defined in Corollary 3.1 of Theorem 3.4 is contained
in the radical of A, For, if xE A1, yE Ao, then 2x 0 y=xy+yxEradical of
A, But 2e(x o y)+2(x 0 y)e=2xyEradical of A, Thus A104dnTradical
of A so that L must be a nil ideal of 4. Therefore A1g+An=0.

Theorem 3.5 implies that if we are to find any new simple power-associa-
tive algebras satisfying (15), they must have no idempotent ¢ such that
A+ An#0. The existence of such algebras is guaranteed by the following
examples. First, let 4 be the 3-dimensional algebra over a field of character-
istic p 2 with a basis e, %, v where e is the identity element, uv = —vu=e¢, and
the remaining products are zero. Then 4 is a simple power-associative algebra
satisfying (15) but A is not flexible for (uv)u = —u(vu) =u. Suppose we set B
equal to the supplementary sum of the two orthogonal subspaces 4, 1=1, 2;
where A; has a basis e;, i, v; such that e, is the unity of 4;, u7=12=0, and
uv;= —vu;=e+e;=e¢ the unity element of B. Then B is a simple power-
associative algebra of degree two satisfying (15) and, as before, B is not flexi-
ble. This construction is easily generalized to yield simple power-associative
algebras of arbitrary degree # which satisfy (15) but not the flexible identity.
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We now give an example of a semi-simple power-associative algebra C
which satisfies (15) but has no identity element and is not the direct sum of
simple algebras. Consider C equal to the supplementary sum of the algebra 4
above and the subspace A’ with a basis u;, v, where A4’=4'4A =0 and wn
= —yuy=e and all other products zero. Then, since every proper ideal of C
contains 4, we see that the nil radical of Cis 0.

One might hope for further results when A is semi-simple with an idem-
potent e such that 410+A4n70, but examination of the algebra D=C@® F,,
where C is the algebra described just above and F; is the total matric algebra
over F of degree 2, shows there are such algebras which do not have an
identity and are not the direct sum of simple algebras.

4. The identity R2+ L2=2L.R,. In this section we assume 4 to be a ring
having characteristic prime to six and having a solution to the equation 2x=a
for all a€ 4. Moreover, we shall assume that A4 satisfies (13) or equivalently
(10). We write (13) when applied to an element z of 4 as

(28) (32)y + (29)x + y(x3) + #(yz) = 2(xz)y + 2(y3)x.

THEOREM 4.1, Suppose A is a ring of characteristic prime to 30 such that A
satisfies (28) and (x?)%= (x%)x for all x&€ A. Then A is power-associative.

Proof. We define x" inductively by x»*+!=x"x. First we show that xx"*=x"x
for all k€ 4 and all positive integers n. Substitution of x=y =z in (28) yields
x?x+xx?=2x%. Hence xx?®=x2x. Suppose xx*=ux*x. Then setting x=2z and
y=xF in (28) yields (x*x)x+x(xx*)=2(xx*)x so that xx*+!=xk+lx. Thus
xx™=xx for all k€4 and all positive integers #. The result then follows from
[1, Lemma 4].

We now suppose that 4 is a power-associative ring. We shall make fre-
quent use of the identity (x?)?= (x%x)x in its linearized form

(29) X (xy + y2)(zw + zw) = Z[ > (xy + yx)w] z (symmetric in x, y, 2, »)
6 4 3

and we note that (29) is equivalent to (x?)%*= (x%x)x if 4 has characteristic

prime to 6. Let e be an idempotent of 4. Then from (28) we find

(30) (xe)e + e(ex) = 2(ex)e forallx € 4.

Suppose xEA,(1). Then by consideration of 4™ we may set ex=x,+x/2
+x'+x0 and xe= —x,+x/2—x' —x, where x’E€A4,(1). Substitution in (30)
yields —x,+xe/2—x'e—ex/2+ex' =2x,+xe+2x'e so that we have x,—x'
—xo=ex' —3x'e. Hence x;=4(ex')s, xo=4(ex')o, and x' =3(x'e)1— (ex')1=ex’
+x’e. Thus (ex')1=(x'e)y=«'. If we now carry through the same argument
with x replaced by x/, we find that (ex’):= (ex’)o=0 and hence, x;=xo=0. We
note that e(xe) = (ex)e=x/4. Therefore, for any x&€4,(1), we have ex=x/2
+x' where ¥’ €4,(1) and ex’ =x'e=x'/2.
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Suppose x, yE 4,(2). Then we set xy=as+a1+aq, yx =b2—a1—a,. Setting
y=e, =%, (28) yields xy+yx+(yx)e+e(xy) =2yx+2(xy)e so that ea;—a.e
= —2a;—2a0+2a:e. Hence ao=0 and 2a,=3a,e—ea;=2a:3+2ea;. But then
3ea; =ae=3a,/4. For any a.E€A4,(1) we have ea;=a,/2+a’ where ea’ =a'e
=a'/2 so that a,/2—a{ =3a,/4. Then —4a{ =a, and therefore ea,=a,e. Thus
we finally have 4a{ =a,=0 and 4,(2) is a subring of 4.

Let x, yEA4,(0). Then substitution of y=e, z=7y in (28) yields (yx)e
+e(xy) =2(xy)e. We suppose xy=as+a1+ao and yx= —as—ai+bo. Then
—ae+eay=2a;+2a:e. Hence a.=0 and ea;=3a:e. Then, just as for 4,(2),
we find ¢;=0 and 4,(0) is a subring of 4.

Suppose xE 4,(2), yEA(1). Then let xy=a,+a1+ao, yx= —as=+b1+bo.
Then (28) with x=e, z2=x becomes (xy)e+xy+e(yx) +yx=2(yx)e+2xy and,
hence; ale+eb1+b1+bo = 2b18 +01 +ao. ThUS A= bo and aé +eb1 = 2b1€ +a1—61
or ea;=2b;—3be. Another substitution of y=e¢, 2=y in (28) yields (yx)e
+ (ye)x+e(xy) +x(ey) =2(xy)e+2(ey)x. Now set ey=7y/2+y" where ey’ =y'e
=4'/2. Then bie+eai+a:1/2+4xy =as+2a.e+b1/242y'x. Comparing com-
ponents we find a;= (xy’ —3y'x).=4(xy"): and (¥'x)o= (xy")o=0. Yet another
substitution of y=9', z=¢ in (28) yields xy' =¥'x so that (xy')s=(y'x)s=0.
Thus a;=0. Since ea,=2b,—3be a substitution of eby=05,/2+b/ and ea:
=ay/2+a{ gives the relation (by—a1)/2=ai{ —3b{. Then e(by—a1) = (br—ar)e
= (b1—a1)/2. If ea1=2b,— 3bse, then e(ea,) = 2eb, — 3e(bse). But then we obtain
(br—a1)/2=(2a{ —4b{) so that a{ =b{. Finally, eby—aie=(b1—a1)/2+2a{
=0.

Let x€A4,(0), and yEA4.(1). We set xy=as+a1+a¢ and yx=b.+b1—a..
Substitution of x=e, z=x in (28) yields a.+a,e+eby="bs+2bse. Then a,=b,
and a,e=2bie—eb.. Set ey=y/2+y'. Then, as before, y'x=xy" and substitu-
tion of z=¢ in (28) yields (xy—yx)/2= —2xy' so that ao=0. Now a.e=2b.e
—eb; implies e(aie) =2e(be) —e(eby) or (bi—a1)/4=>b{. We shall use these
relations in our later work.

Thus we may state

THEOREM 4.2. Let e be an idempotent of a power-associative ring A which
satisfies (28). Then A,(2) and A,(0) are orthogonal subrings of A and

AN A1) + 4.(1)4.(0) S A2 = N) + 4.(1), A=0,2
ed,(1) + A,(1)e C A1),

Suppose 4 has an identity element 1=e,+ - - - +e, where ¢; are pairwise
orthogonal idempotents. Then A can be decomposed as the direct sum of the
modules 4;; where for 1=j3, A;;j=A4,,2) and for i#j, Ai;j=A4.(1)N4,(1)
[6] Let <, j, m, n be distinct. Then A;;0 AniTAim, A.',‘OA.','QA,',"I-A,’,',
Aij0 Apa=0. But 4,.,S4.,(1), 4;;CSA4.,(0) so that by our multiplication
AiiAmCA,, (1)+A4,.,(2). Since the 4.,(2) components of a:j@mn and Gmnai;
are the same, 4,;4nC4,,(1). Likewise 4:;AmnESA4.,(1) for r=1, j, n. Thus
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AijAmn=0. Since Ann,SA4,,(0) we have A ;A mn=AmAdi;=0. Again, these re-
sults will be of use to us in later developments.

A ring is said to be stable if for every idempotent e of 4 we have 4,(u)4.(1)
+4.,(1)A4.(u) EA.(1) for p=0, 2. By our multiplication it is readily seen that
a ring A satisfying (28) is stable if and only if 4P is stable.

We now suppose 4 is strictly power-associative. Let ¢ be an idempotent
of the ring 4. Then for x€ 4,.(2), and wE 4,.(1) we have x 0 w=w;+w, where
wiE4,(1), weEA4,(0). Then the mapping w—w, is an endomorphism of the
module 4,(1) determined by the element x of 4,(2). We denote this mapping
by S(x). By Albert’s result [6, Theorem 1](*) the mapping x—25(x) of the
ring A{(2) onto the special Jordan ring of endomorphisms S(x) is a homo-
morphism with kernel B, where B, is the set of elements x & A4{*)(2) such that
x 0 wEA,(0) for all wE A4,(1). Certainly B, is an ideal of 4{(2) and we shall
show that B, is in fact an ideal of 4,(2).

LeMMA 4.1, If x€ 4,(2) and wE A,(1), xw=a1+aq, wx =b1+by, then ao="b,
and ae=eb.

Proof. The result follows from our earlier remarks on such products.

LeMMA 4.2. If xEA.(2) such that xw+wxE 4,(0) for all wEA,(1), then
xw=wxEA4,00).

Proof. If xw+wxE A.(0), then by Lemma 4.1 we see that a; = —b;,. From
our earlier results a,—b,=4d;, where ea1=a,/2+d, and edy=di¢e=d,/2. Thus
2ay=a,—b;=4d, and ea;=a,e=a,/2. But then d;=0 so that ¢;=b,=0 and
rw=wx=ag,E4,(0).

LEmMMA 4.3. B, is an ideal of A.(2).

Proof. Let y be an arbitrary element of 4,(2). We set (xy)w=a1+a,,
w(xy) =ai +ao, (yx)w=>b1+be, w(yx)=>b{ +be. By various substitutions of
x, ¥, win (28) we find (xy)w+ (xw)y+w(yx) +y(wx) =2(yx)w+2(wx)y and
(yx)w+ (yw)x +w(xy) +x(wy) = 2(xy)w+2(wy)x. Since xw=wxEA,(0) and
xA.(1)=A4.(1)xSA4.(0), the first of these equations becomes (xy)w+w(yx)
=2(yx)w and the second implies that (yx)w—+w(xy) —2(xy)wE 4,(0). Hence,
ao=by, a1+b{ =2b,, and bi+a{ =2a:. Adding we find af +b{ =a;+b; and
then using Lemma 4.1 we obtain eai+eby=ea{ +eb{ =aie+be=ale+ble
=(a1+b1)/2=(al +b{)/2. Then ea,+eb{ =2eb; or ea,=2eb,—eb{ = 2eb,—bse.
If eay =a./2+d,, then eby=b1/2 —d, so that a,/2+d1=b,— 2d,—b1/2+d.. Thus
(@1—b1)/2=—2d; so that e(a1—b)= (@1—bye=(a1— b1)/2. Then e(a1+5b1)
+e(a1—b1) =(a1+b1)/2+(a1—b1)/2=a,. Hence di=0 and a;=by=a{ =b/{.
We note that we have actually shown that (xy)w= (yx)w=w(xy) =w(yx).
Now set z=e¢ in (29). Then consideration of the preceding remark yields

(4) Any reference to [6] shall also imply a reference to the corresponding results of [10]
for the characteristic § case.
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2(xy)w+2((xy)w)e+2(yw)x + (wy)x + ((yw+wy)e)x— 4x((yw+wy) =0. Then,
using the properties of x, we have 2(xy)w+2((xy)w)e<S 4.(0). Hence 2a:42a,e
=3aEA4,(0) and, since the characteristic of A is not three, a;=0. This
completes the proof.

We now suppose 4 to be a simple ring with an identity 1 such that
1=e¢;+e,+e; where the e; are pairwise orthogonal idempotents.

LEMMA 4.4. Let e be an idempotent of A such that e 1 and suppose xS A4,(2)
with the property that xw—+wx =0 for all wEA,(1). Then x=0.

Proof. By Lemmas 4.1 and 4.2 we see that (xw):= (wx)1=0= (xw)o= (wx),.
Let C, be the set of all such x&A4.(2). We claim that C, is an ideal of 4 and,
since e1 and e is not in C,, it will follow that C,=0. By the above remark
C.A.(1)=A4,1)C,=0 and since 4,(2)4,(0)=4.(0)4,(2) =0 the proof will be
complete if we show that 4,(2)C.+C.4.,(2)SC,. Let yEA4,(2). Then, as in
the proof of Lemma 4.3, we find (xy)w=w(xy) =w(yx) = (yx)w. Again, as in
the proof Lemma 4.3, a substitution of x, ¥, w, e=z in (29) yields 2(xy)w
+2((xy)w)e=0. Thus ((xy)w)e=0 and ((xy)w)1+ ((xy)w):e=0 which is im-
possible unless ((xy)w);=0. Therefore xy, yx& C, as was to be shown.

LeEMMA 4.5. Set g=e,+e,. Then B,=B,,+B,,.

Proof. From an earlier remark we may set A=A+ A+ A4n+A413+43
+A33 where A11+A12+A22=Ag(2), A13+A23=A,(1), and A33=Ag(0). Sup-
pose Xu + x12 + %22 € B, c A,(2) Then X12 = 4(x11 + x12 + ng) oé
—4((x11+x12+%92) O €1) 0 €1 and since B, is an ideal of 4,(2), x2EB,. Then
er(xn+x2) =xnEB, so that xpEB, also. Suppose ai3+anEA4,(1). Then
2x13 © (013+(123) =2%12 0 @13+ 2%12 0 023€A23+A13 by our remarks on the multi-
plication of the 4.;. But x1:E B, so that 2x1; 0 (G13+a23) ©A4,(0) = A3;. Hence
%12 0 (@13+as3) =0. Apply Lemma 4.4 to obtain x12=0 and thus B,C A+ 4.
For alzeAlz we find x11 0 ¢1.E 4 12+A22. But quBg which is an ideal of A,(2)
so that x;; 0 a1;E A4. By the definition of B, we have x11 0 813 4,4(0) = A,
Thus if wE€EAn+A4i=4,(1), then xnowEAn+As;=A,0). Therefore
*n€B,, and, in a similar manner, x;,&B,,. Hence B,CB,,+B,,. If xu€B,,,
then x1 0 (A2 + Aw) © Ap + Ay + Az = A,,(0). But then x10 4,(1)
=x110 (A3t An)=x10A13C Ay =A4,0). Hence B,, B, and likewise B,,
CB,. Thus B,,+B,.,=B,.

LemMA 4.6. B=B,,+B,,+ B,, is an ideal of A.

Proof. Since B, = B,,+ B,, is an ideal of 4,(2), we have 4,(2)B.,+B..4,(2)
CB.,+B,,. If h=e,+e;, then An(2)B,+B,An(2) EB.+B.,. Since Az
Q A,l(O), B,lAza = AnB,l = 0. Thus A.B‘,l + B,IA = (Au + Alz + Azz)B,l
+ B.(An + Ax + An) + (Au + Az + Aw)B., + B.,(An + A + Az)
+A%Bo+ By A5 S B, +B,,+B,,. Interchanging subscripts we find AB,,
+B.,ACB,,+B.,+B., and AB,,+B.,A<B, +B.,+B,,. Therefore B is an
ideal of 4.
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Either B=A4 or B=0 since we assumed 4 to be simple. B =4 is impossible
since BCAn+Asn+As. Thus we have B=0 so that B, =B, =0. Hence

) ) ) )
Ay, = An 4 A4 + Ade,

) ) «+) )
= Azz + Aza + Ass

are Jordan rings. We refer the reader to the proof of Theorem 1 in Albert's
paper [6] and note that his combinatorial type proof will suffice to show
that A™ is a Jordan ring. We now state the following:

AP = 4P 4+ 4P + 4% and 4

TrEOREM 4.3. If A is a simple strictly power-associative ring of character-
istic prime to six satisfying (28) and possessing an identity element which is the
sum of three pairwise orthogonal idempotents, then A is Jordan-admissible-

Now suppose that e is a principal idempotent of the strictly power-
associative algebra 4 which has characteristic prime to six and satisfies (28).
Then e is also a principal idempotent of 4 and by [10, Theorem 5] 4,(1)
+A4,(0)Cradical of 4. Hereafter we shall denote the radical of 4™ by
Rad 4, We shall attempt to show that the ideals generated in 4 and 4 9
by 4.(1) +A4.(0) are the same.

LeEMMA 4.7. If A,(1)CRad AP and z and w are elements of A,(1), then
2w and wz are in the Rad A, Also (zw).=2(ez o w),.

Proof. Substitution of x=z, y=w, z=c¢ in (28) yields (ez)w-+w(ze) + (ew)z
+2(we) = 2(we)z+2(ze)w or equivalently

(31) 2w — (z&)w + w(ze) + wz — (we)z + z(we) = 2(we)z + 2(ze)w.

Another substitution of x=e, y=w vyields (ze)w+w(ez)+ (zw)e+e(ws)
=2(wz)e+2(ez)w or equivalently

(32) (ze)w + wz — w(ze) + (zw)e + e(wz) = 2(w2)e + 223w — 2(ze)w.
Adding (31) and (32) we obtain
(33) 2wz + (zw)e + e(wz) + z(we) = 2w + 2(w3z)e + 3(we)z.

Set zw=a,+a1+a,, wz=bs—ai+bo. Equating the 4.(2) components of (33)
we obtain 2b,+a.+b.+ (z(we)):=as+2b,+3((we)z)e. Thus by= — (2(we)),
+3((we)z),. Let we=w/2+w’. Then by= —as/2 — (z2w’)2+3bs/2+3(w'z): and
50 (az—bs)/2=3(w'z);— (zw’).. But, if we carry through the same argument
with w replaced by w’, we find (@'z)s=(2w’)s. Thus (g2—b3)/2=2(w'z):. We
note that 2(ew o 2);=((ew)z+2z(ew))s= (w2)2/2+ (zw)2/2 — (w'z)2— (zw')2 so
that 2(ew 0 2)2=(b2+a2)/2—2(w'z)2=(ba+a2)/2— (a2 —bs)/2=b,. But b,
= (wz);. By consideration of the 4,(0) components of (33) we obtain 2b,
+ (z(we))o=ao+3((we)z)o. Hence 2by—a¢=3bo/2—a¢/2+3(w'2)o— (zw’)y or
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(bo—a0)/2=3(w'z)o— (zw')o. As before (w'z)o=(2w')o. Then 2(ew o z),
= ((ew)z+z(ew)) o= (bo+a0)/2—2(w'2)o=(bo+a0) /2 — (bo—@0) /2 =a¢= (2w),.
Then 2(8‘1002) = (az +bz)/2 + (do +bo)/2 - (bo - ao)/2 - (az - bg)/z =bs+ao
which is in the Rad 4 P, Hence b; and a, are in Rad 4" and likewise a3 and
bo are in Rad A™ so that zw and wz are in Rad A,

LeEmMMA 4.8. If x is in A (1) and w is in A (1) for u=0, 2 and if either x is in
Rad A or A,(1)CRad AP, then xw and wx are in Rad AW,

Proof. Set we=w/2+w’. Substitution of y=w, z=e¢ in (28) yields
(34) x(we) + w(xe) + (ew)x + (ex)w = 2(xe)w + 2(we)x.

Suppose x&A4,(2). Then from (34) we have x(we)+wx+ (ew)x+xw=_2xw
+2(we)x or xw—wx=x(we)+ (ew)x —2(we)x =x(we) +wx — (we)x — 2(we)x
=xw/2+xw' +wx—3wx/2—3w'x and, hence, (xw—wx)/2=xw’—3w’'x. But
by the same argument with wreplaced by w’ we find xw’ =w'x so that —4w’ ox
= (xw—wx)/2. Hence, if x&Rad A, then xw—wxERad AP, But 2xow
=xw+wxERad AP so that xw, wx&Rad A, Suppose xEA4,(0). Then
(34) becomes x(we) + (ew)x =2(we)x and xw/2+xw' +wx/2 —w'x=2w'x —wx
or (xw—wx)/2=3w'x—xw' =2w'x=4w’ o x. Hence, if x is in Rad 4, then
soare xwand wx. The resultisclear if we replace the condition thatx&Rad 4
by the condition that 4,(1) CRad 4™,

LEMMA 4.9. The ideal generated in A by A,(1)+A4.(0) is contained in
Rad A 4f 4,(1)+A4,(0)SRad 4.

Proof. We shall show that the ideal in A generated by A4.(1)44.(0) is
contained in N+4,(1) +4,(0) where N is defined as the set of all finite linear
combinations of elements of the form (x1x0)z and (x121)2. By our multiplication
we see that it is sufficient to show that N4,(2) +4,(2)NCN.Set L=N+4,(1)
+A4.00). Let y, 2E4.(1) and xEA4.(2). Then (28) reads x(yz) +y(xz) + (zy)x
+ (2x)y =2(x2)y+2(y2z)x. Thus x(y2) + (z2y)x — 2(yz)x € L. Interchanging y and
z we have x(zy) +z(xy) + (y2)x 4 (yx)z=2(xy)z2+2(zy)x so that x(zy)+ (2y)x
—2(zy)x€L. Adding these two expressions we find x(yz+3zy) — (yz+2y)x
€ L. Now in (29) we substitute x, ¥, z, w=¢ obtaining 2x(zy+yz) +2(zy +y3)x
+y(xz+2x) +(xz+20)y +2(xy +yx) + (xy +yx)z2 = ((xy +yx)2) e+ ((xy +yx)e)2
+ ((xz + zx)e)y + ((xz + zx)y)e + 2(xy)z + 2(x2)y + (y2)x + (yx)z + (zy)x
+ (zx)y+ ((zy+vyz)e)x+ ((zy+yz)x)e. By the restrictions on x, ¥, z and the
assumption that 4,(1)+A4,(0)CL we find that 2x(zy+y2) — (zy+yz)xEL.
From above x(yz+2y) — (yz2+2y)xEL and hence x(y 02), (y 0 z)xEL. Thus
2x(ey 0 2):€ L and by Lemma 4.7, x(yz2).& L.

Now let x€4.(2), yEA4.(1), and 2E4.(0). Set yz=a:+a1, zy=a:+b1.
Then substitution in (28) yields x(yz) + (z2y)x = 2(y2)x or xa2+4-a:x = 2a.x. Thus
asx =xa,. Substitution of x, y, z, w=e in (29) yields 2x(yz+2y) +2(zy+2y)x
= ((xy +yx)z)e+ ((xy +yx)e)z +2(xy)z + (y2)x + (¥2)x + (yx)z + ((2y + y3)x)e
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+ ((zy + yz)e)x. Hence 2x(yz + 2y) + 2(vz + 2v)x — (y2)x — ((2y + yz)x)e
—((zy+y2)e)xEL so that 2x(yz+zy)—(vz)xEL. Thus 2x(as+az) —asx
= 3xa,E L. Since the characteristic of 4 is prime to six, xa;=x(y2).EL. Thus
the ideal generated by 4,(1) +4,(0) is contained in N+A4,(1) +4.(0). There-
fore this ideal must be equal to N+ 4,(1) +4,(0).

If e is a principal idempotent of A4, then e is also a principal idempotent
of A and, as we have stated earlier, 4,(1)+A4.(0)CRad A, By the
preceding Lemma N+4,(1)+A4.(0) is an ideal of A which is contained in
Rad 4P, Hence N+A4,.(1) +A4.(0) is a nil ideal of 4. If we now suppose 4
to be semi-simple, then N-+4,(1)+A4,(0) =0 so that A =4,(2). Therefore ¢
is an identity for 4 and we state this as

THEOREM 4.4. Every semi-simple strictly power-associative algebra of char-
acteristic prime lo six satisfying (28) has an identity element.

Suppose D is an ideal of a semi-simple strictly power-associative algebra
A of characteristic prime to six satisfying (28). If D0, then since D is not
nil D must possess an idempotent ¢ and we may suppose e to be principal.
Then D=D,(2)+D,(1)+D,.(0). Since e€D, we must have 4,(2) and 4.(1)
contained in D. Hence D,(2) =A4,(2) and D,(1) =A4.(1) so that we may write
D=A4,2)+A4.,(1)+D,(0). Let M be the radical of D. Then since e is principal,
D,(1)+D,(0) S M. In order that M be an ideal of 4 we see that it is sufficient
to show that 4,(0) M+ MA,0)C M. Let x€A4,(0) and m=ma+m1+mE M.
Then xm=xm;+xm, where xmEA4,(2)+A4,(1) and xm&ED,(0) since D is
an ideal of A. Hence, it is sufficient to show that (xm,).&E M. Since (xm1):
= (nix), we need only show (x o m;):E M. We note that (29) holds in A
which is commutative. Setting x=y and z=w=m; in (29) for 4P we find
8x2omi + 16(x o m)2 = 4(x2om;) om + 4(m2ox) ox + 8((x o mi) 0 x)
o mi + 8((x o my) o my) o x. Thus we have 4(x o m1)2 — 2((x o m1) o my) 0 x
= (%% 0 m1) o my+(m} o0 x) o x+2((x 0 m1) o x) o m1+2x% 0 m3. Remembering
that myeMND,(1)=D.(1) and D,(1)+D.(0)C M we obtain (x2 o m,) o m,
EM, (miox) oxEA.(00ND=D,(0)CM, 2((xom)ox)omEDo MCM,
and 2x2 o m?€A4,(0)0N\D=D,(0)C M. Thus the right-hand member of the
above equation is an element of M so that 2(x o m)?— ((x 0 my) o my) 0 xE M.,
Then the D.(2) component of this expression is in M. Set x 0 my="bs+b1.
Then 2(b2+2b; 0 bi+b2) — (b2 0 m1) 0 x— (by 0 my) 0 xE M and the D,(2) com-
ponent is 2b3+2(b3);— ((b; 0 m1) 0 x)2. Using [6, Identity 8] we obtain
((b2 0 m1) 0 x)2=((bs © M1)1 0 x)2=(m1 0 %)3/2 0 bs. But (m;0x)/2 0by=03/2.
Therefore 3b2/2—2(b2),€ M. But (b3):E M since b&D,(1) S M. Thus since
the characteristic of 4 is not three, 55& M. Every element of M is nilpotent
so that b, is nilpotent. Now consider the ideal of D generated by M and all
elements of the form by= (xm,).. If we can show that y(xm,), is of the form
(xmy), for all y€ 4,(2) =D,(2), then this ideal will be a nil ideal of D contain-
ing the maximal nil ideal M leaving b= (xm,),& M as the only remaining
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possibility. Substitution of x, y, m=2, and w=e in (29) yields 2y(xmi+mix)
+ 2(xm + mix)y = 2(ym1)x + ((ym1 + miy)x)e + ((ym1 + miy)e)x + (miy)x
+ (mwx)y+ ((mix +xmy)y)e+ ((mix+xmy)e)y. Considering the A4,(2) com-
ponents and using (y(xmy))e= (y(mix))a= ((m1x)y)2=((xm1)y); we find
8(y(xm))2 = 2((ym1)x)2 + ((ym1 + m1y)x)2 + (((ym1 + miy)e)x)z + ((m1y)x)s
+ (y(xmi))z + 2(y(xm1)): + 2(y(mix)).. Simplifying we obtain 3y(xm,).
= ((3ymy+2myy+ (ymi1+myy)e)1x). and we observe that

Bymy + 2myy + (ym1 + miy)e)r € M M A,(1).

Thus, since the characteristic of 4 is not three, y(xm); is of the desired form
and, hence, is nilpotent. Therefore M is a nil ideal of 4 which we had assumed
to be semi-simple; therefore M =A4,(1)=D,(0)=0. Thus 4=4.(2)®A4,00)
where A4,(2) and 4,(0) are semi-simple algebras with identity elements ¢ and
1 —e respectively. Proceeding in the usual manner we may now state

THEOREM 4.5. Every semi-simple strictly power-associative algebra A over a
field F of characteristic prime to six and satisfying (28) has an identity and is
the direct sum of simple algebras.

In the following we shall suppose 4 to be a strictly power-associative alge-
bra over a field F of characteristic prime to six such that 4 is simple and
satisfies (28). Moreover, we assume that 4 has an identity 1 which can be
written as 1=e;+e¢; where the e; are pairwise orthogonal idempotents of 4
and that 4 is Jordan-admissible. 4 is simple over its center and simple over
the algebraic closure K of its center. Thus Ak is a simple algebra which is
Jordan-admissible and we may suppose F=K. Then we can set 1=u+4v
where u is a primitive idempotent of 4. Since 4{*(2) is a Jordan algebra,
we may use [8, Theorem A] to write 4,(2) =uK+ N where N is the ideal of
nilpotent elements of A (2). Suppose N is not an ideal of A,(2). Then there
are elements x, yEN such that xy=u-+n and yx= —u-+n' where n, n'EN.
Suppose wE A,(1). Then substitution of x=w, z=x in (28) yields (xy)w
+ (xw)y + y(wx) + w(yx) = 2(yx)w + 2(wx)y. Then uw + nw + (xw)y + y(wx)
—wu+wn’' = —2uw+2n'w+2(wx)y. Rearranging terms we find 3uw—wu
=2n'w—nw—wn’+2(wx)y —y(wx) — (xw)y. Since AP is a Jordan algebra,
it is stable [2] and by our earlier remark, 4 is stable. Then applying Lemma
4.8 to each term of the right-hand member of the above relation we find that
the right-hand member is in Rad 4 ¥ and, consequently, the left-hand mem-
ber is also in Rad A, Now we set uw=w/2+w’ where w'u=uw'=w'/2.
Since w was an arbitrary element of 4,(1), 3uw’ —w'u=w'ERad AP, But
then 3uw—wu=3w/2+3w' —w/2+w' so that w€ERad AP. Thus A4.(1)
CRad A and an application of Lemma 4.7 yields 4.(1)+A4.(1)4.(1)
CRad 4. We claim 4,(1)+A4.,(1)4.(1) is, in fact, an ideal of 4. Let
xS A.(2) and y, 2EA4,(1). Substitution of y=e in (29) yields 2x(wz-+2zw)
+ 2(wz + zw)x + w(zx + x3) + (zx + x2)w + z(xw + wx) + (xw + wx)z = 2(xw)z
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+ 2(xz)w + ((xz + zx)e)w + ((xz + zx)w)e + ((xw + wx)e)z + (xw + wx)2)e
+ ((sw + wz)e)x + ((zw + wz)x)e + (wz)x + (wz)x + (wx)z + (sw)x + (2x)w.
Using the stability of 4 we find 2x(sw+wz) — (sw+wz)x EA4,(1)A4(1). The
two different substitutions of y=w and y=2, z=w in (28) yield the following
relations: x(wz)+ (zw)x —2(wz)xEA4.,(1)4.,(1) and x(zw)+ (wz)x—2(zw)x
€A4,(1)A.(1). Adding these two we have x(wz+2zw) — (wz+zw)x S A, (1) 4.(1).
Combining this with the above remark that 2x(ew + wz) — (wz + zw)x
€4.(1)4.(1), we find x(wz+2w) EA,(1)A.(1). Replacing z by #z and apply-
ing Lemma 4.7, we see that x(zw). =x(uz 0 w) EA.(1)4.(1). This result along
with the stability of A makes 4,(1)+A4.,(1)4.(1) closed under multiplication
by A4.(2). We note that 4,(2)=4,(0) and 4,(0)=A4,(2). Interchanging the
roles of # and v, we find that 4,(1)4+4.(1)4.(1)=4,(1)+4,(1)4,(1) is
closed under multiplication by 4,(0). Noting the stability of 4 it is clear that
A, (1)+4.(1)A.(1) is closed under multiplication by A4,(1). Hence, 44(1)
+A4.(1)A4(1) is an ideal of A which is contained in Rad 4 " and, since the
simple algebra A contains an idempotent, we must have 4,(1) =0. But then
A=A4.(2)®A.(0) which is impossible by the simplicity of A. Thus N is an
ideal of 4.(2).

Now suppose 1=¢;+ - - - +e¢, where the ¢; are primitive pairwise orthog-
onal idempotents of 4. Then for an arbitrary element x of 4 we may write
x= Y kie;+ 2 xi;+ 2 xf where k;EK, x,;€A4,; for ij, and x! € N; where
N; is the ideal of nilpotent elements of 4,,(2). Setting 8(x) = Y k; defines a
linear function on 4 to K. We show that the following conditions are satisfied
by é:

(1) 8(xy)=0(yx);

(2) 3(x(y2)) =8((xy)2).

We shall first show that (1) is satisfied by 8. Let x= Y _kie;+ > xi;+ > %!
and y= D _kle;+ D yi;+ 2. y!. Since N; is an ideal of 4,,(2), x;y:EN;. By
the stability of A4, for 177, k arbitrary, we have x;;yx, Yix:;;EA;;. Also X:Yia
€A, for 1, j, n distinct. Hence, 8(xy) —8(yx) =6[Zx.~jy.~,<]—8[2y.~,-x.-,-], SO
that by the linear property of § it is sufficient to show that 8(x;;y:;) = 6(y:x:;).
Set xijyi;=xy=as+a1+ao and y;x;;j=yx=>b,—a1+bo where a,, boEA4;; and
a0, bo€EAj;. Using (28) we find (xy)e;+ei(yx)+ (xe))y+y(ex)=2(yx)e;
+2(ex)y. Set xe;=x/2+g where e;g=ge;=g/2. Then we have from above
(xy)e;tei(yx)+xy/2+gy+yx/2—yg=2(yx)e;+xy—2gy. Considering only
the A;; and A4j; components we obtain as+bs+as/2+ao/2+gy+bs/2+bo/2
—yg=2b:+a;+ao—2gy or (a2 —b2)/2+ (bo—a0)/2 = (y8)2+ (¥)o — 3(gY)2
—3(gy)o=—2(32)2—2(yg)o. Thus (b;—as)/2=2(yg); and (ao—b0o)/2=2(yg)o.
Now 2(e.g) 0 y = (e:g)y +(e:g) =gy/2+y2/2 = (gy)2+(g9)o. But by [6, Lemma
10], 2(e:g) oy="F'(es+e;)+n! +n] so that 8((gy):) =k =08((gy)o). Then,
from above, we see that 8(b;—a2) =8(ao—bo) or 8(asz)+8(ao) =08(be) 4 8(bo).
Again by [6, Lemma 10] we obtain xy+yx = k(e;+e¢,) +n;+n; so that §(a;+b,)
=6(ao+bo). Hence 8(a;) =68(by) and 8(a,) =8(b;). Finally, 8(xy) =8(az) +8(ay)
= 8(b2) +8(bo) = 8(yx).
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We next consider condition (2). We must show that §(x(yz)) =6((xy)z2).
We restate (28) as x(yz) +y(x3z) 4 (zy)x+ (2x)y = 2(x2) y+2(yz)x. Using 8(xy)
=d8(yx) we obtain 8(x(yz)) +8(y(x3)) —6((zy)x —8((2x)y) =0. Hence d(y(zx))
—8((y2)x) =8((x2)y) —8(x(2y)) or 8[y(ax)—(yz)x]=8[(xz)y—=x(2y)]. Then

45[x0 (yo3z) — (xoy) o 3]
= 8[x(yz) + x(zy) + (y2)x + (zy)x — (xp)z — 2(yx) — 2(xy) — (y7)z
= 8[x(yz) — (xy)z] + 8[x(zy) — (x2)y] + 3[(y2)% — y(a2)] + 8[(3y)x — 2(y%)]
= 48[x(yz) — (#y)2]

(by use of 8(xy)=8(yx) and 8[y(sx) — (y2)x]=8[(x2)y—x(zy)]). Thus it is
sufficient to show that (2) holds in 4 ™. Let the coefficient of ¢; in the decom-
position of x, ¥, z be respectively a;, 8, vi. Then

25[z0 (0 9)] = 22 aByvi + 28[ D (vies + vi€5) 0 (%450 ¥47)]
+ 8[ 20 (i + a)zi0 351 + 8[ 20 (B: + B)zi50 ]
+ 25[2 24k O (x;,- (¢] y;k)]

From the proof of (1) we see that &[e;o (xi09:)] = 8(xs; 0 ¥:5)/2
=3[e; o (x:; 0 ¥4;) ]. Hence, if we consider the above expression with x and z
interchanged, we observe that it will suffice to show that 8[z4 o (xi; 0 y;) ]
= B[x,-; o(zxo y,'k)] for 1, j, k distinct.

We now state the Jordan identity for A in its linearized form.

(35) > (xoy)o(woz) =D, (xoy)ow)oz (symmetric in z, ¥, 2).

Set x =Xijy Y =ik, W=2Zik, and z=e¢;. Then we find (x.~,~ o yjk) o z,-;,-l—(z.y, o yjk)
0 %4;=2((%:; O ¥;x) O 24&) O €;+ (%:j 0 2i) © Y. Then interchanging x and 2, and
4 and kB we have (2u 0 ¥i) 0 xi;+(%:5 0 ¥iu) O 2 =2((2:x O ¥jx) O x4;) O &;
+ (24 0 %:;) © ¥;. Subtracting we have ((x:; 0 ¥x) 0 2a) 0 e;=((2& © ¥jr) O X;)
oe;. Then, using the above remarks we obtain &[((x:; 0 ¥;) 0 za) 0 €]
=8[((xsj 0 (1 0 za) 0 €] =8[x:5 0 (yi 0 2a) ]/2=8[(x:j 0 yir) 0 2]/2. There-
fore (2) holds. By (1) and (2) the set N; of all x& A4 such that §(xy) =0 for all
yEA4 is an ideal of 4. Surely Rad A CN; and, since 4 is simple and 3(e1)
#0, N;=Rad A® =0. Thus A is a simple Jordan algebra [3, Chapter V,
Theorem 8](%).

THEOREM 4.6. If A is a simple strictly power-associative algebra over field
K of characteristic #2, 3 which satisfies (28) and such that A is a Jordan
algebra of degree t>1, then A is a simple Jordan algebra.

We now reproduce Albert’s argument [4] to show that under the hypoth-
eses of the above theorem A is flexible. Set x=3z in (2). Then w= (xy+yx)x

(%) Albert’s result is for flexible algebras but holds equally well for this case since the 4
are orthogonal subalgebras of 4.
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—x(xy+yx) +x2y—yx2=0 and so wz=2w=0 for all z2&4. Interchanging y
and z and adding we obtain ((xy)x)z+ ((yx)x)z— (x(xy))z— (x(yx))2+ (x*y)z
— (yx)z+ ((x2)x) ¥+ ((3x) %)y — (x(x2))y — (x(3%)) y+(x?2)y — (22*)y =0. Then
applying & and using properties (1) and (2) repeatedly we find 23 [(xy)(x2)]
=238[(zx) (yx) ]. Applying (2) to the left-hand member and (2) and (1) to the
right-hand member we find 8[((xy)x)z] = 8[(x(yx))z] so that
3[((xy)x —x(yx))z] =0 for all x, y, 2E A. Hence (xy)x —x(yx) € N; and since 4
is simple we are finished.

TuEOREM 4.7. A simple strictly power-associative algebra A over a field K
of characteristic %2, 3 which satisfies (28) is

(a) a commutative Jordan algebra;

(b) a quasi-associative algebra;

(c) an algebra of degree 2; or

(d) an algebra of degree 1.

Proof. The proof is immediate from the preceding remark, Theorems 4.3
and 4.6 and [13, Theorem 4.2].

5. The identites R:+4 L2 = L,R, and (R,+ L)(R, + L)
=(Ry+L,)(R.+L.). We shall present in this section some examples of alge-
bras satisfying (9) and (11). First consider the algebra 4 over a field F of
characteristic zero with a basis e;, @, and e, where the e; are orthogonal idem-
potents such that e;+e.=1, e.a=ae;,=1+a/2, e;a=ae;=—14a/2, and all
the remaining products are zero. In order to show that 4 is power-associative
we must show xx?=x2x and (x%x)x = (x2)2 for all xE A. Set x =, +aa+ases.
Then x2=a?e;4a(on+az)a+aoe; and x2x = ale; +a(od +aion+ad)a+ader = xx2.
We see that (x?)? = afe; + a(an + an)(@d + o)a + aje; and  (x%)x
= (ofey +a(o? + anas + o) a 4 ades) (ouer +aa + anes) = des +a(on +az) (& +o3)a
+oje, = (x?)2. This along with [1, Lemma 4] implies that 4 is power-associa-
tive. We set x = aiey +aa + aze; and y = Bies + Ba + Beee. Then
xy = (B — ofy + aif — B + afr)er + (B + af + @B + af:)a/2
+ (oB: — afs + au — BB + afz)e; and yx = (P + affy — auB + af — afr)er
+ (af1 +ouB+asB+aBs)a/2 + (B +af — o +aB —afs)e.. Hence xy—yx
=2(cuB—afi+aB;—axB)er+2 (B —aBi+aB— asB)es=2(asf —afr+ofe—auf) 1.
Thus xy—yx commutes with all 2E 4 so that z(xy—yx) = (xy —yx)z and (11)
holds.

Suppose L is an ideal of 4 and x=ae1+aa+owe;#0EL. Then exx+xex
=2me1+aaEL. Thus 2ane1+aa —x =oaue1—azes E L. If either oy or o, is not
zero then by the orthogonality of the e; either e, or ;& L. But then e;a+ae;
=a€L implying that e;a—a/2=1EL. Thus L=A. Suppose ay=0;=0. Then
a#0 so that a€L and, as above, 1EL. Therefore 4 is a simple power-asso-
ciative algebra satisfying (11) which is not flexible since ei(ae;) = —e1/2
+a/4+e/2 and (ewa)er=e1/2+a/4—ey/2.

We may construct new examples by setting 4 equal to the algebra over
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a field F of characteristic zero with a basis e, - - - , €4, a5, 1 <j=1, - - -, m,
where 1=e,4+ - - - +e,, the ¢; are pairwise orthogonal idempotents, e;a;;
=a,e;j=14a;;j/2, e;a;;=asje;= —14a;;/2, and all other products are zero.
We note that the nonflexible examples given earlier which satisfy (5) also
satisfy (11). This is not too surprising when we observe that any algebra 4
which satisfies (5) and either (9) or (11) must satisfy all three.

Identities (9) and (11) are not strong enough conditions in themselves
to enable us to obtain any significant results concerning algebras which satisfy
either of them. It is not evident to us at this time what other conditions we
might impose on these algebras.

B1BLIOGRAPHY

1. A. A. Albert, On the power-associativity of rings, Brasil. Math. 2 (1948), 1-13.

2. , A structure theory for Jordan algebras, Ann. of Math. 48 (1947), 546-567.

3. , Power-associative rings, Trans. Amer. Math. Soc. 64 (1948), 552-597.

4. , A theory of trace-admissible algebras, Proc. Nat. Acad. Sci. U.S.A. 35 (1949),
317-322.

5. , Almost alternative algebras, Portugal. Math. 8 (1949), 23-36.

6. , A theory of power-associative commutative algebras, Trans. Amer. Math. Soc.

69 (1950), 503-527.

7. , The structure of right alternative algebras, Ann. of Math. 59 (1954), 407-417.

8. N. Jacobson, A theorem on the structure of Jordan algebras, Proc. Nat. Acad. Sci. U.S.A.
42 (1956), 140-147.

9. Erwin Kleinfeld, Rings of (v, 5) type, Portugal. Math. 18 (1958), 107-110.

10. L. A. Kokoris, New results on power-associative algebras, Trans. Amer. Math. Soc. 77
(1954), 363-373.

1. , On a class of almost alternative algebras, Canad. J. Math. 8 (1956), 250-255.

12. , On rings of (v, 8) type, Proc. Amer. Math. Soc. 9 (1958), 897-904.

13. Robert H. Oehmke, On flexible algebras, Ann. of Math. 68 (1958), 221-230.

14. R. D. Schafer, Noncommutative Jordan algebras of characteristic 0, Proc. Amer. Math.
Soc. 6 (1955), 472-475.

UNIVERSITY OF CALIFORNIA,
BERKELEY, CALIFORNIA

MICHIGAN STATE UNIVERSITY,
EasT LANSING, MICHIGAN




